In nonparametric regression, it is often needed to detect whether there are jump discontinuities in the mean function. In this paper, we revisit the difference-based method in [13] and propose to further improve it. To achieve the goal, we first reveal that their method is less efficient due to the inappropriate choice of the response variable in their linear regression model. We then propose a new regression model for estimating the residual variance and the total amount of discontinuities simultaneously. In both theory and simulation, we show that the proposed variance estimator has a smaller mean-squared error compared to the existing estimator, whereas the estimation efficiency for the total amount of discontinuities remains unchanged. Finally, we construct a new test procedure for detection of discontinuities using the proposed method; and via simulation studies, we demonstrate that our new test procedure outperforms the existing one in most settings.
Introduction
Consider the following nonparametric regression model:
where y i are observations, x i are design points and ε i are independent and identically distributed (i.i.d.) random errors with mean zero and variance σ 2 . In model (1) , f (x) = g(x) + h(x) is the mean function. We assume that g(x) is a smooth function and h(x) is a step function with form
where p is the number of jumps, ψ j are the jump magnitudes taking at positions t j , and I(x ≥ t) is the indicator function with value 1 if x ≥ t and value 0 otherwise. When h(x) = 0, there is no jump in the regression model and the mean function is smooth. In practical applications, however, such a smoothness assumption may be too CONTACT Tiejun Tong tongt@hkbu.edu.hk restrictive if the data include some change points, e.g. the sea-level pressure data [17] , the infants growth data [13] , and the annual temperature data [6] . It is known that the estimates of the mean function with or without the smoothness assumption are not only quantitatively but also qualitatively different [13] . This results in a fundamental model selection problem and it is often needed to detect whether there are jump discontinuities in the mean function before fitting the model. For this problem, a common approach is to estimate the left and right limits of the mean function and then use their difference to construct appropriate test statistics. As a common practice, a large absolute value of the difference indicates that the mean function may contain jump discontinuities [2] [3] [4] 7, 8, 11, [14] [15] [16] .
Apart from the traditional methods, Müller and Stadtmüller [13] proposed a differencebased procedure for testing jump discontinuities in nonparametric regression. Consider an equivalent design with x i = i/n for i = 1, . . . , n, and define γ = p j=1 ψ 2 j as the total amount of discontinuities in the data. When γ = 0, we have ψ j = 0 for all j and so the mean function is smooth; otherwise, the regression model may contain jump discontinuities. By this, the model selection problem is equivalent to testing
Let L = o(n) ≥ 1 and
Noting that E(Z k ) ≈ σ 2 + l k γ where l k = k/2(n − L), the authors regressed Z k on l k through the linear model
The intercept σ 2 and the slope γ were then estimated by least squares. We denote them byσ 2 MS andγ MS , and refer to their method as the MS method. Then for testing the hypotheses (2), they constructed a test statistic as
whereμ 4 andσ 4 are consistent estimators for μ 4 = E(ε 4 ) and σ 4 . When the random errors follow approximately a normal distribution, μ 4 − σ 4 = 2σ 4 and soμ 4 −σ 4 can be replaced by 2σ 4 MS . Under some regularity conditions, the null distribution of T MS follows asymptotically a standard normal distribution.
Note that Z k uses only the first n−L pairs of differences out of a total of n−k pairs in {y 1+k − y 1 , . . . , y n − y n−k }. By ignoring the last L−k pairs, we will show in Sections 3 and 4 that their estimatorσ 2 MS is a less efficient estimator for σ 2 , especially when n is small or L−k is large. As a consequence, the test statistic (4) is either less powerful or even invalid for testing jump discontinuities, that is, the type I error of the test may not be well controlled. For this point, we can refer to the simulation study in Section3, where the simulated type I error of T MS will be as large as 0.237 at the significance level of 0.05 when n = 30. Note that a similar phenomenon was also observed in [18] where a smooth regression model is assumed.
In this paper, we propose to fully use the pairs of differences and develop new estimators for σ 2 and γ . A new test procedure will also be constructed and we show that the proposed test provides a better performance than T MS . Specifically, we organize the rest of this paper as follows. In Section 2, we propose a new estimation method for σ 2 and γ . In Section 3, we study the theoretical properties of the new estimators and then propose a new procedure for testing whether the mean function contains jump discontinuities. In Section 4, we evaluate and compare the proposed estimators and the proposed test procedure with some existing methods. In Section 5, we applied the proposed testing method to a real example and demonstrate its usefulness in practice. Finally, we conclude the paper in Section 6 and provide the proofs of the theorems in Section 7.
Main results
To make full use of the available pairs of differences, we define
The same as in [12, 19] , we refer to them as the lag-k Rice estimators. For the sake of fairness, we let m = L and also assume the same conditions as in [13] . In particular, the following condition on the locations of jump points is assumed:
where t 0 = 0 and t p+1 = 1. This condition ensures that the different change points are not located too close to each other so that they can be separated by the proposed method. For the equidistant design, it is easy to verify that
where γ = p j=1 ψ 2 j as in Section 1 and δ
Treating η k as a negligible term, we have a simple linear regression model with d k being the independent variables and s k the response variables. Unlike the Z k values where exactly n−L pairs are involved, we note that the lag-k Rice estimators s k involve different number of pairs and this makes the computation much more challenging. To assign a same weight to each pair, we assign weights w k = (n − k)/N for k = 1, . . . , m to each response s k accordingly, where N = (2n − m − 1)m/2 is the total number of pairs involved in the regression. 
We then apply the generalized least-squares method to estimate the parameters. Specifically by McElroy [10] , we have the estimators of θ 1 and θ 2 aŝ 
Asymptotic properties
In this section, we investigate the theoretical properties of the proposed estimators. For ease of notation, let
Then for λ, ρ ∈ R, we definê
We note thatθ new (λ, ρ) can be represented as a quadratic formθ new (λ, ρ) = Y T DY, where D is an n × n matrix with elements
o t h e r w i s e .
We can derive its variance as
This form makes it convenient to calculate the theoretical results. The following theorem gives the mean-squared errors (MSE) for the proposed estimators and also the estimators in [13] for comparison. 
Simulation studies
In this section, we first conduct Monte Carlo simulations to assess the finite sample performance of the proposed estimation and testing methods and compare them with the existing methods in [13] . Specifically, we consider respectively three smooth functions:
and three jump functions:
In total, we have 9 combinations for the mean function. Note that g i + h 1 for i = 1,2,3 are smooth functions with no jump points.
For the sample size, we consider n = 30, 100 and 500 that correspond to small, moderate and large sample sizes, respectively. The random errors are generated independently from the normal distribution N(0, 0.25). For the bandwidthm, we follow the selection method in [13] . Specifically, we let
where m 0 = max{[n/50], 2} with [x] being the greatest integer smaller than or equal to x. This criterion suggests to choose the bandwidth that minimizes an approximation for the variance of estimator in the area of [m − m 0 , m + m 0 ]. For each simulated data set, we calculate the estimates of γ and σ 2 for both the new method and the MS method. We then repeat the procedure 1000 times for each simulation setting and report the MSE ofγ and the relative difference of mean-squared errors (rdMSE) Table 1 , respectively. From the results in Table 1 , it is evident thatσ 2 new outperformsσ 2 MS significantly in all settings. Note also thatγ new andγ MS perform very similarly. Hence, together with the theoretical results in Theorem 3.1, we conclude that the additional pairs introduced into the regression does improve the overall performance of the estimators in both theory and simulations.
Our second simulation study is to compare the performance of the test statistics T new and T MS for testing H 0 : γ = 0 versus H 1 : γ > 0. For the smooth function, we consider the same three functions as in the previous simulation study. For the step function, we consider h(x) = ψI(x ≥ 0.5) with the ψ value ranging from 0, 0.25, 0.5, 0.75 and 1. Note that ψ = 0 represents the null hypothesis, and vice versa. The sample size n is set to be 30, 100, 200 and 500, and the random errors are generated independently from N(0, 0.25). We investigate the type I errors and the power function of the proposed test T new and T MS at α = 0.1, 0.05 and 0.025 significance levels. With 1000 simulations for each setting, we report the simulation results in Table 2 for Table 3 for 
, and in Table 4 for close to the nominal levels in most settings. This shows that our proposed test provides a more accurate control than the test method in [13] . Furthermore, we note that the power of T new can be larger than that of T MS in a wide range of settings. To illustrate this, we plot in Figure 1 the power function for f (x) = g 1 (x) + h(x) at the 0.05 significance level. From the figure, the power function of T new will always exceed that of T MS as long as γ is not too small. 
Real study
In this section, we apply our new testing method to the data of monthly gasoline prices of the United States for the recent 22 years, starting from January 1994 to December 2015. The data are freely available from the website of U.S. Energy Information Administration: http://www.eia.gov/dnav/pet/pet_pri_gnd_dcus_nus_m.htm. For illustration, we display the 264 records for monthly gasoline prices in Figure 2 . We consider the null hypothesis being there is no jump in the gasoline prices data. To compare the behavior of the new and existing methods in practice, we set the bandwidth ranging from 16 to 132, with the two end points corresponding to n 1/2 and n/2, respectively. We then present the estimated results forγ ,σ 2 andT in Figure 3 , respectively. For γ in the left panel of Figure 3 , the two methods provide comparable estimates, with the MS estimate slightly greater when the bandwidth is large. For σ 2 in the middle panel of Figure 3 , we note that the MS method may provide negative variance estimates when the bandwidth is large, owing to the fact that many pairs of differences are prohibited from analysis. As a consequence, the MS method fails to provide a reliable testing result compared with our testing method. For details, see the right panel of Figure 3 . Finally, we compare the two methods by using their respective bandwidths that minimize the local variation of γ in Equation (7). For our method, we getm = 131 andT new = 1342.2 > z 0.95 = 1.64; and for the MS method, we getm = 128 andT MS = 80.4 > z 0.95 = 1.64. It is evident that our new testing method provides a stronger evidence to reject the null hypothesis of no jump. To summarize, there exists at least one jump discontinuity in the mean function of monthly gasoline prices. More specifically, we observe that there are two obvious jumps in the data: the first one is around 2008 in which the oil price went along with the subprime crisis; and the second one is around 2014 in which the oil price went down sharply. Finally, we note that the number and positions of jumps are quite obvious in our illustration example. In case if they are not that obvious, we recommend to apply some well-known methods such as [17, 20] for further investigation upon the rejection of the null hypothesis. 
Conclusion
This paper considers the simultaneous estimation of the total amount of discontinuities γ and the residual variance σ 2 in nonparametric regression with jump continuities. It meanwhile considers the detection problem whether or not the mean function is a smooth function. To achieve the goals, we first reveal that the method in [13] is less efficient due to the inappropriate choice of the response variable in their linear regression model. We then propose a new regression model for estimating σ 2 and γ simultaneously, and also propose a new test procedure for detecting the smoothness. In both theory and simulations, we show that the proposed variance estimator has a smaller MSE compared to the estimator in [13] , whereas the two estimators of γ remain a similar performance. Consequently, the proposed new test procedure also improves the existing test in [13] . An example of gasoline data is analyzed with both existing and proposed methods for practical implementation.
The current paper only considers the two-parameter asymptotic linear model for simplicity. In spirit, our proposed method in Section 2 can be applied to build a threeparameter asymptotic linear model using some higher order Taylor expansion, as in formula (4.11) in [13] . In addition, we note that the proposed method requires a strong condition on the locations of jump points, i.e. condition (5) , that specifies no jump points in the boundaries. This requirement can be too restrictive in practice, especially when n is small or when L is chosen large. In such situations, our proposed method itself may not be satisfactory, although it is always better than the test method in [13] . Further research may be needed in this direction to overcome this limitation so that the proposed method is widely applicable.
Proofs

Proof of Theorem 3.1
We first present two lemmas. Lemma 7.1 can be derived with some tedious but simple calculation. For Lemma 7.2, we provide a detailed proof. 
Lemma 7.2:
Assume that m → ∞ and m/n → 0. We have
Proof of Lemma 7.2: We first prove (I). Note that 
This leads to
In addition, by Lemma 7.1 (a), (b) and (c) we have 
Now plugging (9)- (11) into (8), we have tr(D 2 ) as shown in (I).
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For (II), we have
Now we prove (III). Let
and (f ), we have
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With assumption (5), it is easy to check that
Thus we have the following results for p i and q i :
Note also that
Therefore, by Equations (12)- (14), we have (III). For (IV), it is an immediate result from Lemma 7.1 (a), Equations (12) and (13). This finishes the proof of Lemma 7.2. 
Since λ and ρ are arbitrary, var(θ 1 ) and var(θ 2 ) can be derived directly from the above result. Using the conditions in Theorem 3.1, we have
Simple calculation shows that
This leads to the biases ofθ new,1 andθ new,2 as
and
Finally, by Equations (15)- (18), we can derive the MSEs ofσ 2 new andγ new as in Theorem 3.1. The derivation of MSEs forσ 2 MS andγ MS is similar and so is omitted.
Proof of Theorem 3.2
For simplicity, we give the proof for the case γ = 0 only as in [13] . The proof for the case γ = 0 is similar and so is omitted. by the Cramér-Wold device it is sufficient to show that for any pair of (λ, ρ) ∈ R 2 , the following X n is asymptotically normal:
We rewrite X n as follows:
where
For η k , we divide it into two parts: η k =η k,n + r k,n , wherẽ
It is easy to check that
In addition, we have 
DefineX n = m k=1 ω k,nηk,n . By Equations (19) and (20), we have
This shows that X n andX n are asymptotically equivalent to each other. Now to derive the asymptotic normality ofX n , we introduce a further simplified statisticT n . Specifically, it isT
By Lemma 7.4 as described below, we know thatX n andT n are also asymptotically equivalent to each other. Then by Lemma 7.5 and together with the Cramér-Wold device, we have
as n → ∞. 
Lemma 7.4:
ForT n andX n , we have
Proof of Lemma 7.4:
We have
For ease of notation, let s 2 μ = ε 2 μ − σ 2 . We then rewriteT n as follows: This shows that E(T nXn ) ∼ var(T n ) and so proves Lemma 7.4. = P 1,n + P 2,n + P 3,n .
For P 1,n , by the central limit theorem and Lemma 7.3 (i), we have
For P 2,n , we have the following fact, Finally, by Slutsky's theorem and the fact that P 1,n , P 2,n and P 3,n are independent of each other, we haveT 
